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Wave Equation in Infinite One Spatial-
dimensional

Method of characteristics

9°u(x,t) _ 2 oU(X,t)

t>0
ot° OX°
Initial conditions:
u(x,0) = f(x)
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> X0 =90



Rewrite the wave equation as follows:
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Set
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With initial condition U x=ct+x,

A

w(X, 0) = P(X) /
we obtain / / »

W(X,t) = P(X,) = P(x—ct) %o X




Also, set

dv(x(t),t) ov dxov
dt ot dtox
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With initial condition X = —ct+ X 4'
v(x,0) = Q(X) \
we obtain NN

V(x,t) = Q(%,) = Q(x+ct) %



General solution

u(x,t) = F(x—ct) + G(x+ct)

u(x,0) = f(x) —00 < X < 00
g—l:(x,O):g(x) —o0 < X < 00
1 15— -

G(X) =2 f (x)+2—Cj(;g(x)dx+k
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D'alembert’s solution

f(x—ct)+ f(x+ct) 1 — —
| X)d X
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Semi-Infinite strings and reflections

>0, x>0

9°u(x,t) _ 2 U(X,t)
ot? OX°

u(x,0) = f(x)

ou B
= X0 =90
u(0,t)=0



X>Cl

f(x—ct)+ f(x+ct) 1% - -
| X)d X
> 2ij>

X—Ct

u(x,t) =

X<ct=1z
u(0,t)=0 F(z) =-G(-2)

f(x+ct)— f(ct—%x) 1°F — —
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Finite strings and reflections

J°u(x,t) _ 2 oU(X,t)
ot? OX°

t>0 O<x<L

u(x,0) = f (x)

ou B
= X0 =9(x)

u(0,t) =0
u(L,t)=0




For
O<x—-ct<L O<x+ct<L

L(x.t) = f(x—ct); f(x+ct) Zlcj-:g(;()d;(
For

0> x—ct X+ct>L

u(0,t)=0 F(—ct) =-G(ct)

u(L,t)=0 F(L—ct)=-G(L+ct)

j> Extend theinitial conditions as
odd functions



