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SturmSturm--LiouvilleLiouville EigenvalueEigenvalue ProblemsProblems

0d dp q
dx dx

φ⎛ ⎞ + φ+ λσφ =⎜ ⎟
⎝ ⎠

Simple case:Simple case:

2

2

( ) ( ) 0d x x
dx
φ

+ λφ =

1, 0, 1p q    

( )1 2( ) 0da a
dx
φ

β φ +β = ( )3 4( ) 0db b
dx
φ

β φ +β =

a x b< <

Boundary Conditions:Boundary Conditions:
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0 , ,p K q c= = α σ = ρHeat flow in a Heat flow in a nonuniformnonuniform rod:rod:

0 0d dK c
dx dx

φ⎛ ⎞ + αφ+ λ ρφ =⎜ ⎟
⎝ ⎠

0 0, ,p T q= = α σ = ρ

Vibrating of a Vibrating of a nonuniformnonuniform string:string:

2

0 02 0dT
dx
φ
+αφ+ λρ φ =
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SturmSturm--LiouvilleLiouville EigenvalueEigenvalue ProblemsProblems

( ) ( ) ( ) ( ) 0
d xd p x q x x

dx dx
φ⎛ ⎞

+ φ+ λσ φ =⎜ ⎟
⎝ ⎠

a x b< <

( )n xφ

1. All the eigenvalues λ are real.

2. Inifinite number of eigenvalues

1 2 3 ... nλ < λ < λ < < λ

nλ →∞ n →∞as

3.  has n-1 zeros.

With With B.CB.C’’ss
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4. The eigenfunctions form a “complete” set:

( ) ( )
1

n n
n

f x a x
∞

=

φ∑∼

5. Eigenfunctions are orthogonal:

( ) ( ) ( ) 0
b

n ma
x x x dxφ φ σ =∫ n mλ ≠ λ
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2
2

2

b
b

a
a

b

a

d dp p q dx
dx dx

dx

⎡ ⎤φ φ⎛ ⎞− φ + − φ⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦λ =

φ σ

∫

∫

6. Each eigenfunction,    , and its eigenvalue,   , satisfy 
the Rayleigh quotient:
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SelfSelf--AdjointAdjoint Operators and SturmOperators and Sturm--LiovilleLioville
EigenvalueEigenvalue ProblemsProblems

( ) ( ) ( ) ( ) 0
d xd p x q x x

dx dx
φ⎛ ⎞

+ φ+ λσ φ =⎜ ⎟
⎝ ⎠

( )1 2( ) 0da a
dx
φ

β φ +β =

( )3 4( ) 0db b
dx
φ

β φ +β =
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( ) ( )( ) d dyL y p x q x y
dx dx

⎛ ⎞≡ +⎜ ⎟
⎝ ⎠

Linear operatorLinear operator

LagrangeLagrange’’s identitys identity

( ) ( )( ) d duL u p x q x u
dx dx

⎛ ⎞≡ +⎜ ⎟
⎝ ⎠

( ) ( )( ) d dvL v p x q x v
dx dx

⎛ ⎞≡ +⎜ ⎟
⎝ ⎠
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( ) ( ) d dv duuL v vL u p u v
dx dx dx

⎡ ⎤⎛ ⎞− ≡ −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

GreenGreen’’s formulas formula

( ) ( )
bb

a a

dv duuL v vL u dx p u v
dx dx

⎛ ⎞− = −⎜ ⎟
⎝ ⎠∫

SelfSelf--adjointnessadjointness

0
b

a

dv dup u v
dx dx

⎛ ⎞− =⎜ ⎟
⎝ ⎠
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( ) ( ) 0
b

a

uL v vL u dx− =∫

If u and v are any two functions satisfying the same set of 
homogeneous boundary conditions (of the same regular 
Sturm-Liouville type), then
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2 2 2
2

2 2 2

u u uc
t x y

⎛ ⎞∂ ∂ ∂= +⎜ ⎟∂ ∂ ∂⎝ ⎠
0, 0 , 0t x L y H> < < < <

Vibrating MembraneVibrating Membrane

(0, , ) 0
( , , ) 0

u y t
u L y t

=
=

( ,0, ) 0
( , , ) 0

u x t
u x H t

=
=

( , ,0) ( , )

( , ,0) ( , )

u x y x y
du x y x y
dt

= α

= β
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( , , ) ( ) ( , )u x y t h t x y= φ

λ : Eigenvalue

Substitute into PDE to Obtain:

2 2

2 2 2

1 1 ( ) 1
( )

dh t d d
c h t dt dx dy

⎛ ⎞φ φ
= + = −λ⎜ ⎟φ ⎝ ⎠

2 2

2 2

d d
dx dy
φ φ
+ = −λφ

2
2

2

( ) ( )d h t c h t
dt

= −λ
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(0, ) 0
( , ) 0

y
L y

φ =
φ =

( ,0) 0
( , ) 0
x
x H

φ =
φ =

( , ) ( ) ( )x y f x g yφ =

( , , ) ( ) ( ) ( )u x y t h t f x g y=

2 2

2 2

1 1d f d g
f dx g dy

= −λ − = −μ
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2

2

d f f
dx

= −μ

2

2 ( )d g g
dy

= − λ −μ

2
2

2

( ) ( )d h t c h t
dt

= −λ
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(0) 0
( ) 0

f
f L

=
=

(0) 0
( ) 0

g
g H

=
=

2

2

d f f
dx

= −μ (0) 0
( ) 0

f
f L

=
=

1 2( ) cos sin ,

(0) ( ) 0

= μ + μ

= = ZZZZZZZZXZYZZZZZZZZZBoundaryConditions

f x c x c x

f f L

2

2

2

2

2

( ) sin( ),

( ) sin( ) 0,

0 sin( ) 0,

( ) , 1, 2, ...

= μ

= μ =

≠ → μ =

π
μ = =n

f x c x

f L c L

c L

n n
L
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2

2 ( )= − λ −μn
n n

d g g
dy

(0) 0
( ) 0

=
=

n

n

g
g H

2

2 2 2

2 2 2

( ) sin( ),

( ) ( ) ( ) , 1, 2, ...

nm

nm n

m yg y c
H

m n m m
H L H

π
=

π π π
λ = μ + = + =

( , ) sin sinnm
n x m yx y
L H
π π⎛ ⎞ ⎛ ⎞φ = ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

1, 2,3,...
1, 2,3,...

n
m
=
=
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( )

( )
1 1

1 1

( , , ) sin( )sin( ) cos

sin( )sin( )sin

nm nm
m n

nm nm
m n

n x m yu x y t A c t
L H

n x m yB c t
L H

∞ ∞

= =

∞ ∞

= =

π π
= λ

π π
+ λ

∑∑

∑∑

1 1
( , ) sin( ) sin( )nm

m n

n x m yx y A
L H

∞ ∞

= =

π π⎛ ⎞
α = ⎜ ⎟

⎝ ⎠
∑ ∑

0 0

2 2 ( , )sin( ) sin( )
L H

nm
m y n xA x y dy dx

L H H L
⎡ ⎤π π

= α⎢ ⎥
⎣ ⎦
∫ ∫
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1 1
( , ) sin( )sin( )nm nm

m n

n x m yx y c B
L H

∞ ∞

= =

π π
β = λ∑∑

0 0

4 ( , )sin( )sin( )
L H

nm nm
m y n xc B x y dydx

LH H L
π π

λ = β∫ ∫
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Vibrating Circular Membrane and Bessel Vibrating Circular Membrane and Bessel 
FunctionsFunctions

2
2 2

2

u c u
t

∂
= ∇

∂
0t >

( , , ) 0u a tθ =

( , ,0) ( , )

( , ,0) ( , )

u r r
du r r
dt

θ = α θ

θ = β θ
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( , , ) ( ) ( , )u r t h t rθ = φ θ

2 0∇ φ+λφ =

( , ) 0aφ θ =

( , ) ( ) ( )r f r gφ θ = θ

( , , ) ( ) ( ) ( )u r t h t f r gθ = θ
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2
2

2 2

1 1r
r r r r
∂ ∂φ ∂ φ⎛ ⎞∇ φ = +⎜ ⎟∂ ∂ ∂θ⎝ ⎠

( )2 0d dfr r r f
dr dr

⎛ ⎞ + λ −μ =⎜ ⎟
⎝ ⎠

2

2

d g g
d

= −μ
θ

2
2

2

d h c h
dt

= −λ
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( ) 0f a =

( )2 0d dfr r r f
dr dr

⎛ ⎞ + λ −μ =⎜ ⎟
⎝ ⎠

(0)f < ∞

Bessel FunctionsBessel Functions

( )2 2 0d dfr r r m f
dr dr

⎛ ⎞ + λ − =⎜ ⎟
⎝ ⎠

2
m mμ = 0,1,2,...m =
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( )
2

2 2 2
2 0d f dfz z z m f

dz dz
+ + − =z r= λ

1 2( ) ( )m mf c J z c Y z= +
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( )2

0

( 1) 2
( )

!( )!
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Now, some worked out Now, some worked out 
examples with animationsexamples with animations


