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Heat Conduction in a Thin Circular RingHeat Conduction in a Thin Circular Ring
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Solve by Separation of VariablesSolve by Separation of Variables

( , ) ( ) ( )= φu x t x G t

: Eigenfunction

( ) ( )= −λ
dG t kG t

dt
( )φ xλ : Eigenvalue

2

2

( ) ( )d x x
dx
φ

= −λφ

Substitute into PDE to Obtain:

Function of 

time, t, only

Function of 

distance, x, only

2

2

1 ( ) 1 ( )
( ) ( )

dG t d x
kG t dt x dx

φ
= = −λ
φ



September 30, 2004 MAE105, Lecture 3, Sia Nemat-Nasser

( ) −λ= ktG t ce

TimeTime--dependent Partdependent Part

EigenvalueEigenvalue ProblemProblem

0λ >
2

2

( ) ( ) 0, 'd x x plus BC s
dx
φ

+ λφ =

( ) ( )L Lφ − = φ

( ) ( )d dL L
dx dx
φ φ
− =



September 30, 2004 MAE105, Lecture 3, Sia Nemat-Nasser

1 2

1 2
2

2

( ) c o s ( ) s in ( ) ( )

c o s ( ) s in ( )
( )s in ( ) 0 , , 1, 2 , . . .n

L c L c L L

c L c L
nL n
L

φ = λ + λ = φ −

= λ − λ

π
λ = → λ = =

1 2

2

2

( ) sin cos ,
( ) ( ),

( )sin( ) 0, , 1, 2, ...n

x c x c x
L L

nL n
L

′φ = − λ λ + λ λ
′ ′φ − = φ

π
λ = → λ = =

The same The same eigenvalueseigenvalues are obtained from the other continuity are obtained from the other continuity 
condition:condition:



September 30, 2004 MAE105, Lecture 3, Sia Nemat-Nasser

cos ,sinn x n x
L L
π π⎧ ⎫←⎯→⎨ ⎬

⎩ ⎭
0,1,2,3,...n

EigenfunctionsEigenfunctions EigenvaluesEigenvalues

2

2

( )

0
1

( )

1

( , ) cos( )

                             sin( )

n kt
L

n
n

n kt
L

n
n

n xu x t a a e
L

n xb e
L

π∞ −

=

π∞ −

=

π
= +

π
+

∑

∑

General SolutionGeneral Solution



September 30, 2004 MAE105, Lecture 3, Sia Nemat-Nasser

0
1 1

( ) cos( ) sin( )n n
n n

n x n xf x a a b
L L

∞ ∞

= =

π π
= + +∑ ∑

0            m n
cos cos L            m = n  0

2L          m = n = 0

L

L

n x m x dx
L L−

≠⎧
π π ⎪= ≠⎨

⎪
⎩

∫

0              m n
sin sin

L             m = n  0
L

L

n x m x dx
L L−

≠⎧π π
= ⎨ ≠⎩

∫

cos sin 0
L

L

n x m x dx
L L−

π π
=∫



September 30, 2004 MAE105, Lecture 3, Sia Nemat-Nasser

0
1 ( )

2
1 ( )cos( )

1 ( )sin( )

L

L

L

n L

L

n L

a f x dx
L

n xa f x dx
L L

n xb f x dx
L L

−

−

−

=

π
=

π
=

∫

∫

∫



September 30, 2004 MAE105, Lecture 3, Sia Nemat-Nasser

LaplaceLaplace’’s Equation Inside a Rectangles Equation Inside a Rectangle
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Function of x, only Function of y, only
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LaplaceLaplace’’s Equation Inside a Circular Disks Equation Inside a Circular Disk
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