Heat Equation with Zero Temperature at Ends

No heat generation, Q(x,t) =0
A <|)(x,t_)) d(X + AX,t)
Partial Differential Equation:
X =1L

Defines the variation of the X =0 X X+ AX
dependent variable, u(x, t),

Inside the domain of variation

of independent variables, t and x

ou(x,t) " oU(X,t)
ot OX

t>0, O<x<L

Boundary Conditions: Define the U(O,t) =0
dependent variable, u(x, t), at the end
points U(L,t) =40

Initial Condition: Defines the dependent
variable, u(x, 1), at the initial time u(x,0) = f (x)



Solve by Separation of Variables

U(X,t) — (I)(X)G(t) *| Substitute into PDE to Obtain:

Function of Function of
time, t, only distance, x, only
dG(t)

_ d*o(x)
o~ MG o = (0

) : Eigenvalue ®»(X) : Eigenfunction



Time-dependent Part
G(t) =ce™

Eigenvalue Problem

4%0() +A0(X) =0, plusBC's

X2

Casel: A>0

(X) = ¢, COSVAX+C, SiINVAX, d(x) = ¢, SIN(v/Ax),
)(O) — (I)( L) _ O Boundary Conditions (I)(L) = CZSin(\/xL) =0,

N

N

c, #0—sin(vAL) =0,
" (nm)°

n L2 ’

n=12,..




(X) = ¢, SiN(v/AX),
(L) =c,sin(v/AL) =0,

o

)

u(x,t) = (x)G(t)

. 1) — LU
cz¢02—>zsm(ﬁ ) =0, Gn(t):cne(L) kt
N _
A = RA” n=12..
0,(¥) = d, Sin("")
-(T2k . NMmX
u,(x,t) = 9,(X)G,(t) =c,d.e * S'”(T)
:ane_(L)ktsin(niLX), n=12,..




Linear & Homogeneous PDE Operator:

@2 82u
_(Clu +C uz) Cl aXZZ
2(c:lu +C,U,) = (:la—qu(:ai
ot i ot ot
2
= o K g —~— PDE Operator
o oX

L(cu, +Cu,) = ¢ L(u) +C,L(u,)




Principle of Superposition

If U, and U, satisfy a linear homogeneous
equation, then an arbitrary linear combination of

them,
Clul T C2U2

also satisfies the same linear homogeneous
equation.

Linear & Homogeneous PDE & Boundary conditions:
ou(x,t) " ou(x,t)

ot OX*
u(o,t) =0, u(L,t)=0




Most General Solution

nm,o

U, (x,t) = ¢, (X)G, () =c,d.e - (™)
_ ane‘<f>2“ sin(”iLX), n=12 ..
2 2 (k. N
u(xt) =Y 6,(0G, 1) =Yae sn(%)
n=1 n=1

u(x.0) = f () =iansin(”iLX)




L
Orthogonality Io A(X)B(x)dx=0
A(x) and B(x) are orthogonal over the interval O< X< L

Orthogonality of Fourier Sine & Cosine

-

0 m=n
L. NmX . mmX
SSn—sin——dx=+ L
0 L — m=n
| 2
0 m # n
L nNmX mmX
_[ COS——COS——dX =1 |
0 L L E m=n

IL cos%sin@dx =0
-L L L



Fourier Sine Representation of f(X)

Use Orthogonality

f(x)~ Y a,sin
n=1 I—
N7TX
. j f(X)Slanx —I f(x)gn@dx
j‘ S|n2 nTCX




Casell: L=0 d-
2()2() FAG(X) =0
¢(X) = C, +C,X
Case lll: A <(
o) =ce’ " ree
coshx=5 "€ snhx=5—-¢
2 2

d(X) = ¢, sSinh(v'=AX) + ¢, cosh(v/—AX)



Fourier Cosine Representation of f(X)

Use Orthogonality

f (X) NZb cosmlfx

NTX
f(X)COS—dX
h — j L =2j0 f (X) coS— % cix

j coszﬂdx L L




