1 Solution to Linear Time-Invariant Systems

1.1 Scalar equation

Homogeneous equation

d
d—zzf =azx, z(0)=umx
Separation of variables
1
—dxr =adt
T

Integrating both sides

Solution

Inz(t) —Inz(0) = ln@ =at = x(t)=ec"2(0)=
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1.2 Scalar system

LTI scalar system

z(t) = ax(t) + bu(t), (1)

Useful properties
d at
EB

Multiply (1) by e~ on both sides

= ae”,

e "i(t) —ae"x(t) = e "bu(t) =

Integrate on both sides

e ()

Solution

e "x(t) — x(0) = /0 e “Tou(T)dr

Substitute into the output equation

t
y(t) = ce”x(0) + / ce by (T)dr + dul(t)
0
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1.3 The matrix exponential

Taylor series (convergent for all z finite!)

1 1
e” —lex —1+az+§x e

Generalization for matrices

Properties:
1) ¥ =1,
2) eATB — ¢4eB when AB = BA,

3) [eX] =X

Proof:
1) By definition.

2) Use the definition to compute
1 1
etel (I+A+ Ly )(I+B+ — B4+ B+ )
3! 2! 3!
:I+(A+B)+—(A2+2AB+BZ)

3| (A3 +3A°B +3AB* + B%) +

and compare with
1 1
B —T+(A+B)+ 2'(A+B)2+§(A+B)3+---
1 !
:I+(A+B)+—(A2+AB+BA+BQ)

+3 (A3 + BA*+ ABA+ B°A+ A’B+ BAB + AB* + B%) +

3) X commutes with X. Then from 1) and 2)

[=e% =eXe X

=

X =,

MAE 280A 3 Mauricio de Oliveira



1.4 Time dependent matrix exponential

We are interested in

Properties:

=1
M= AlY
7!
1=0

4) 6A(t1+t2) — eAtleAt2,

5)
6)

Sl

Sl

Proof:

et = Aedt = e A,

[e ¥ a(t)] = e M a(t) — e M Ax(t).

4) Aty and Aty commute.

5) Use definition

6) Chain rule

A
0@ 1 - -

=(> AT | A= YA
(i — 1)

% [e_Atx(t)} e_At%QU(t) + % [e_At] (1),
_ B_Atjf(t) . G_AtAZE( )
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1.5 Complete solution

LTI System

Multiply by e~4* on both sides
e Mi(t) —e MAx(t) = e MBu(t) = — [eMa(t)] =e YBu(t)

Integrate on both sides

t
e Ma(t)

_ /O t% e A7a(r)] dr = /0 A Bu(r)dr

0

Solution

e Ma(t) — 2(0) = /0 e AT Bu(t)dr

Substitute on the output equation

t
y(t) = Cez(0) + / CeA=7) Bu(r)dr 4+ Du(t)
0
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1.6 Impulse response (SIMO)

Recall that

Therefore

t
/ C«eA(th
0

where

0t —71)=0d(1—1)

t t
) Bu(7)dr + Du(t) = / Ce=7) Bu(r)dr + / Dé(T — t)u(r)dr,
0 0

= /t [geA(H)B + Do(t — 7'2] u(T)dr,
h(t —T)

h(t) = CeM B + Dé(t)

is the impulse response of the system.

System response:

t
y(t) = Cez(0) + / h(t — T)u(T)dr .
\O g
Initial conditions response Input response

Repeat the above for each input for MIMO systems.
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1.7 Application: discretization

LTIl continuous-time system

If u(t) comes from a computer
u(t) = u(k) :=u(kh), Vkh<t<(k+1)h

h : update period
The solution z(t) of the LTI continuous-time system at ¢ = kh is
kh
z(k) == z(kh) = e*'z(0) +/ eAh=T) By (1) dr
0
and at t = (k+ 1)h
(k+1)h
z(k+ 1) == z[(k + 1)h] = eA*F+ D (0) + / ARV By (1) dr,
0
kh
= e4h [eAkhx(O) —|—/ eA(kh_T)Bu(T)dT}
0
(k+1)h
+ / BA[(k+1)h_T]BU(T)dT,
k

h

= e (k) + / A= Byy(7)dr.
kh

Since u(t) = u(k), Vkh<t<(k+1)h

(k+1)h
r(k+1) = e 2(k) + / eAlFHDA=T] g B (k).
\ / \ . kh -~ >
F G
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Note that

and for o := (k+ 1)h — 7

0 h
G = —/ A doB = / e do B
h 0

Discretized LTI system

where
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2 How to compute the matrix exponential?

2.1 Eigenvalues and Eigenvectors

Definition: )\ € C is an eigenvalue of A € R™*" (or € C"*") if there exists
v € C" such that

Av =X v, v #N0.

If so, v is an eigenvector associated with .

From linear algebra
Av=X v & (M —-Awv=0.
and v # 0 if and only if
d(A) = det(A — A) = 0.

Conclusion:
Eigenvalues of A are the roots of the characteristic polynomial of A.
= A has n eigenvalues.
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2.2 Diagonalizable matrix

Definition: Matrix A € R™*" (or € C"*") is said to be diagonalizable if it is

similar to a diagonal matrix, i.e., if there exists a nonsingular matrix 7" such
that T-'AT is diagonal.

Theorem: Matrix A € R"*" (or € C™*") is diagonalizable if and only if it
has n linearly independent eigenvectors.

From linear algebra
* The vectors vy, ...,v, € C" are linearly dependent if there exists
ai, . ..,a, € C not all null such that

n
E a;0; = 0.
1=1

Otherwise, they are linearly independent.

* If vy,...,v, € C" are linearly independent then the matrix
is nonsingular. Proof: there exists no
a
z=\|1t]#0
Op
such that T'x = 0.
Proof of the Theorem:
Let vq,...,v, be n linearly independent eigenvectors of A and build 7" as
in (2). Therefore
[Avl cet Avn] = AT =TA = [)\11}1 cee )\nvn} ,
where
A1 0
A =
0 An
As T' is nonsingular
T AT = A.
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2.3 Matrix function

Let f(x) : C — C be a continuous scalar-valued function.

Definition: If X is a diagonalizable matrix, i.e., X = TAT !, then

f(A1) 0
f(X)=T T

If f has a power series expansion

f@) =3 o
i=0
then
f() 0
f(X)=T { T,
0 f(An)
=T (Z oeiAl> T,
1=0
= i a; (TNT ™),
i=0
= i OdiXZ
1=0

Compare the above with the formula previously used for eX!
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