1 System Connections

1 = A1z1 + Biug, To = Ao + Baug,
Hl : H2 .
y1 = Ciz1 + Dyuy, Yo = Coxg + Dous

1.1 Parallel
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1.2 Series

Transfer function

Use
us = y; = Crx1 + Dyug, u = uq, Y = Y2,
and rewrite Hy

To = Asxo + BoChay + BoDiu,
y = y2 = Coxa + DyCrr1 + Do D1u

1:1 o Al 0 I + Bl ”
xy) | ByCy Ag| \ 9 ByDq|

Y= [D201 02} <il) + Dy D1 u.

State space

2
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1.3 Feedback (assumption: D; = 0)

Note that

and
[ — Hy(s)H (s)|Ui(s) = R(s) = Ui(s)=[I — Hy(s)H(s)] 'R(s).
Therefore
Y(s) = Yi(s) = Hi(s)Ur(s) = Hi(s)[I — Hay(s)Hi(s)] " R(s).
Transfer function

H(s) = Hy(s)[I — Ha(s)Hy(s)] "
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Use

Uy =Y+, Uz = Y1, Yy=1un

Due to the assumption D; =0
Uy = Y1 = Ci;.
Note that

Uy = Y2 + r,
= CQ.IQ + D2U2 + r,
= DQCliUl + CQSL’Q +r

Now rewrite H;

T, = (Al + BlD201>SU1 + B1Coxy + BlT,
y =1y = Ciy.

and H,

Ty = ByClwy + Asxs,

State space

:C.l B A1+ B1D,C; BiCy T n B .
T2) ByCy Ay To 01"’

y=[Cr 0] (i;) |
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2 Properties of LTI systems

2.1 Transfer function

H(s)=C(sI — A)"'B+ D,

—D+ %0 Adj(sI — A)B,
_ C Adj(sI — A)B+ Dd(s)  N(s)

d(s) d(s)’

where d(s) = det(sI — A) is the characteristic polynomial of A.

2.2 Poles

Roots of the characteristic polynomial d(s) = det(sl — A) = 0.

2.3 Zeros
For SISO N(s) = [C'Adj(sI — A)B + Dd(s)] is a polynomial.
= zeros are the roots of N(s).

For MISO N(s) = C' Adj(sI — A)B + Dd(s) is a polynomial matrix.
= we will need a better definitions of zeros for MIMO systems!
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2.4 Markov parameters

Geometric series

=1l+at+a*+..., for|z|<1
11—z

Extension
I-X)'=T+X+X>+...,

WARNING: More on the radius of convergence later!

Therefore
(sSI—A) T =s'T-stA)=s"+52A+s7A%+ ...,
and

H(s)=C(sI — A)'B+ D,
=D+C(s ' +s52A+sA*+...)B,
=D+> s'H, H=CA"'B
=1

H,; are the Markov parameters.
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2.4.1 Interpretation for discrete-time systems
x(k+1) = Ax(k) + Bu(k), z(0)=xg
y(k) = Cx(k) + Du(k)
Then

z(1) = Az(0) + Bu(0),
z(2) = Az(1) + Bu(1) = A%2(0) + ABu(0) + Bu(1),
2(3) = Ax(2) + Bu(2) = A%2(0) + A*Bu(0) + ABu(1) + Bu(2),

k
z(k) = A¥z(0) + Z A Bu(k — i),

i=1
and

k
y(k) = CA*2(0) + Y " CA™'Bu(k — i) + Du(k),

21
= CA*2(0) + Y Hyu(k — i) + Du(k),

i=1

WARNING: As a side effect, we have also computed an expression for the
response of a discrete-time LTI!
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2.5 Coordinate transformation

LTI system
T = Ax + Bu
y=Cz+ Du
Coordinate transformation
x="Tz

where T is nonsingular. Note that

t="T2
and
Tz = ATz + Bu (a)
y=CTz+ Du

Multiplying (a) by 77! on the left
;=T '"AT2+ T 'Bu
y=CTz+ Du
2.6 Invariant parameters under coordinate transformation

2.6.1 Characteristic polynomial

d(s) = det(sI — T 1AT),
= det(sT~'T — T 1AT),
= det[T(sI — A)T],
= det T 'det(s] — A)det T,
= det(sI — A).

We used det(AB) = det Adet B and det A™! = 1/ det A.
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2.6.2 Transfer function

H(s)=CT(sI — T 'AT)"'T'B + D,
= OT(sT'T —T'AT)'T'B + D,
= CT[T (sI — A)T]'T'B + D,
= CTT '(sI — A)'TT'B + D,
= C(sI —A)'B+D.

We used (AB)' = B~1A~1,

2.6.3 Markov parameters

I
—_

H;=CT(T AT 'T'B, i
= CTT'A™'TT 1B,
= CA'B.

We used (T 1AT)" = T-YATT AT ... T AT = T-1A"T.
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