1 Realizations of differential equations (analog
simulation)

Using transfer functions,

b182 + ng + bg

Y(s) =
( ) 33—|—a132—l—a25—|—a3

the controller realization splits the above as

———
X(s)
that is
Y (s) = (b1s* 4 bas 4+ b3) X (s) = N(s) X (s)
and
X(s) = s3 + ays? :— ass + agU(S) = D(s)"'U(s)
If we revert 71
Y(s) =D (s) N(s)U(s)
X(s)
so that
X(s) = (b15* 4 bas 4+ b3)U(s) = N(s)U(s)
and
Y(s) = : X(s) = D(s)™'X(s)

53 + CL182 + as28 + as

we get another realization: the observability realization.
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1.1 Observability realization
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To compensate for feedback, manipulate the equations

[131 = —a1T] — Q22 — a3Tr3 + bgu + bQU + blﬂ,
j?Q = T,
T3 = T2

First move the inputs in (1) over the integrator
d

—($‘1 — byu — blu) = —a1x1 — asxy — asxrs + bsu.

dt
Now define
E=x1—bu—biu = x1=E+bu+ b,

and rewrite (4)
5 = —a1§ — apTy — asrz + (bg — albz)u — a1byu.

Play the same trick again

a(f + a1biu) = —a1€ — asxs — azwz + (by — arby)u.

Define
n=&+abiu = {=n—abu,
and rewrite (6)
N = —ain — sy — azxrs + (bs — ajbs + a%bl)u.

Now the other equations. Use (5) and (7) to rewrite (2) as

Zg =21 =10+ (by — arb)u + bya.
The same old trick...

v=x9—biu = x9=rv+4+bu,
produces

V= n+ (bg — albl)u.
Use (10) in (8)
N = —an — agV — agrs + (bg — a1by — asby + a%bl)u

and (2)
SﬁgISZJQZV—l—blu.

(9)

(10)

(11)

(12)

(13)
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State space equations

T3 0 1 0 3 01
vl|l=10 0 1 v+ | B2 u,
7 —az —az —a n B3
X3
y=1[100]|v],
n
where
B = by,
B2 = by — aiby,
63 = b3 — albg — CLle + a%bl.
Note that
Bl — bla
Po = by — a131,

B3 = bs — a182 — az .

or using matrices

1 0 0] /5 by By 1 0 0] [t
ap 1 O] |G| =|02], Bol = a1 1 O bs
ay a; 1] \[Bs b3 B3 az a; 1 b3
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1.2 Observer realization

Let's propose an alternative realization to Y (s) = D(s) 1 X (s)
Y+ aj+ay +azy =z

If we integrate (in time) three times

eafveef fronf [[-] [
y:/{—a1y+/ [—a2y+/(zc—a3y)]}

This can be realized by the block diagram

or

R

—as —a9 —aq

V<
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The complete equation is realized by replacing

r = b1u+ b2U+ bgu

B R oy - |

This can be realized by the block diagram

to get

u

X3 x2 T

—as —a9 —aq

State space equations

.I','l —ay 10 I bl
ig == | —Q9 01 I9 + b2 u,
Zi?g —Aas 00 s b3
L1
Yy = [1 0 0] (SEQ
Z3
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1.3 Controllability realization

What do we get if we apply the alternative realization used in the observer
realization to realize

—_——
X(s)
The controllability realization
- ﬁl
= ~&
U T T9 ' T3
H{%}—» f —?‘ f (| f > 63
—Aas —a9 —aq
i i I
State space equations
-ftl 0 0 —das T 1
1-'2 = (1 0 —a9 I9 + 0 u,
T3 01 —ai| \x3 0
Iy
y= 1[0 B2 B3] |z
L3
where
By 1 0 0] /b
Pal =1lar 1 O by
B3 ay ap 1 b3
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2 Summary on realizations (so far!)

e One transfer function (differential equation) admits multiple realizations.
e Distinct realizations have distinct numerical properties (computation).
e Choosing the best realization for computation is a research topic.

e Some realizations are better than others for some things.
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3 Our first control problem: pole placement

r u Yy

State space system

State feedback controller
u=Kx+r.

POLE PLACEMENT: Compute K such that the poles of the
closed loop system are the same as the roots of the given
polynomial p(s).

MAE 280A 10 Mauricio de Oliveira



3.1 Closed-loop system

Substitute u into the plant

& = (A+ BK)x + Br,
y = Cu.
Transfer function

H(s)=C(sI —A— BK)'B.

3.2 System poles:

Cramer’s Rule

1
M= Adj M
det M L
where
Adj M = [%j]T, 7i; — cofactor of a;;.
Application
1

I—M)y't=—N

where

d(s) =det(sl — M), N(s)=Adj(s] —M)

3.3 Pole placement

Compute K such that det(s/ — A — BK) = p(s).
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3.4 One particular solution

If (A, B,C) is in controller realization, say

—a1 —ao —Aas 1
A+BK=|1 0 0 |+ |0] [k ko kg],
0 1 0 0
_kl — a1 kg — a9 ]6’3 — as
| 1 0 0 |,
0 1 0

and
det(s] — A — BK) = s* + (ay — k1)s* + (az — ko)s + (a3 — ks).
Hence, for p(s) = s® + p1s? + pas + ps,
det(s] — A— BK) = p(s)
when

a; — k; = p;, = ki =a; —pi, Vi

3.5 General solution

Can we transform (A, B, C') into controller realization?
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