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Laplace Transforms Ð recap for ccts

What Õs the big idea?
1. Look at  init ial condit ion responses of ccts due to capacitor

voltages and inductor currents at  t im e t=0
Mesh or nodal analysis with s-dom ain im pedances

( resistances)  or adm it tances (conductances)

Solut ion of ODEs dr iven by their  init ial condit ions

Done in the s-dom ain using Laplace Transform s

2. Look at  forced response of ccts due to input  I CSs and I VSs
as funct ions of t im e

I nput  and output  signals IO(s)=Y(s)VS(s) or VO(s)=Z(s)IS(s)
The cct  is a system  which converts input  signal to

output  signal

3. Linearity says we add up parts 1 and 2

The sam e as with ODEs
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Laplace t ransforms

The diagram  com m utes
Same answer whichever way you go

Linear
cct

Differential
equation

Classical
techniques

Response
signal

Laplace
transform L

Inverse Laplace
transform L-1

Algebraic
equation

Algebraic
techniques

Response
transform
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Laplace Transform  -  defin it ion

Function f(t) of time
Piecewise cont inuous and exponent ial order

0- lim it  is used to capture t ransients and discont inuit ies at  t=0
s is a com plex variable ( ! + j" )

There is a need to worry about  regions of convergence of
the integral

Units of s are sec-1= Hz

A frequency

I f f(t) is volts (am ps)  then F(s) is volt -seconds (am p-seconds)
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Laplace t ransform  examples
Step function Ð unit Heavyside Function

After Oliver Heavyside (1850-1925)

Exponential function
After Oliver Exponent ial (1176 BC-  1066 BC)

Delta (impulse) function ! (t)
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Laplace Transform  Pair  Tables

dam ped cosine

dam ped sine

cosine

sine

dam ped ram p

exponent ial

ram p

step

im pulse

TransformWaveformSignal
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Laplace Transform  Propert ies

Linearity Ð absolutely critical property
Follows from  the integral definit ion

Exam ple
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Laplace Transform  Propert ies

Integration property

Proof

Denote

       so

I ntegrate by parts
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Laplace Transform  Propert ies

Differentiation Property

Proof via integrat ion by parts again

Second derivat ive
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Laplace Transform  Propert ies
General derivative formula

Translation properties
s-dom ain t ranslat ion

t-dom ain t ranslat ion
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Laplace Transform  Propert ies

Initial Value Property

Final Value Property

Caveats:
Laplace t ransform  pairs do not  always handle

discont inuit ies properly

Often get  the average value

I nit ial value property no good with im pulses
Final value property no good with cos, sin etc
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Rat ional Funct ions
We shall mostly be dealing with LTs which are

rational functions Ð ratios of polynomials in s

pi are the poles and zi are the zeros of the function

K is the scale factor or (sometimes) gain

A proper rational function  has n" m

A strictly proper rational function  has n>m
An improper rational function  has n<m
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A Lit t le Complex Analy sis

We are dealing with linear ccts
Our Laplace Transform s will consist  of rat ional funct ion ( rat ios

of polynom ials in s)  and exponent ials like e-s#

These ar ise from
¥ discrete com ponent  relat ions of capacitors and inductors
¥ the kinds of input  signals we apply

Ð Steps, im pulses, exponent ials, sinusoids, delayed
versions of funct ions

Rat ional funct ions have a finite set  of discrete poles
e-s# is an entire function and has no poles anywhere

To understand linear cct responses you need to look at
the poles Ð they determine the exponential modes in
the response circuit variables.
Two sources of poles:  the cct  Ð seen in the response to I cs

the input  signal LT poles Ð seen in the forced response
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A Lit t le More Complex Analy sis

A complex function is analytic in regions where it has
no poles
Rat ional funct ions are analyt ic everywhere except  at  a finite

num ber of isolated points, where they have poles of finite
order

Rat ional funct ions can be expanded in a Taylor Series
about  a point  of analyt icity

They can also be expanded in a Laurent  Series about  an
isolated pole

General funct ions do not  have N necessarily finite
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Residues at  poles

Functions of a complex variable with isolated, finite
order poles have residues at the poles
Sim ple pole:  residue =

Mult iple pole:  residue =

The residue is the c-1 term  in the Laurent  Series

Cauchy Residue Theorem
The integral around a sim ple closed rect ifiable posit ively

or iented curve (scroc)  is given by 2$j t im es the sum  of
residues at  the poles inside
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I nverse Laplace Transforms
Ð t he Bromwich I ntegral

This is a contour integral in the complex s-plane
* is chosen so that  all singular it ies of F(s) are to the left  of

Re(s)=*

It yields f(t) for t) 0
The inverse Laplace t ransform  is always a causal funct ion

For t<0 f(t)=0
Remember Cauchy Õs Integral Formula

Counterclockwise contour integral =

2+j, ( sum  of residues inside contour)
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I nverse Laplace Transform  Examples

Bromwich integral of

On curve C 1

For given -  there is r . $  such that

I ntegral disappears on C1 for posit ive t

x

R. $

s-plane

pole a

t) 0 t<0

!"

!
#
$

<

%=

+
=

&

'+

'&
(

0for0

0for

1
)(

t

te

dse
as

tf

at

j

j

st
)

)

as
sF +

= 1
)(

C1 C2
!"<<+= rjres ,

2
3

2
,

#
$

#$
%

0foras0

0cos)Re(
)Im()Re(

>!""=

<+=

treee

rs

tsjtsst

#$



MAE140 Linear Circuits
123

I nvert ing Laplace Transforms

Compute residues at the poles

Example
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I nvert ing Laplace Transforms

Compute residues at the poles

Bundle complex conjugate pole pairs into second-
order terms if you want

but you will need to be careful

Inverse Laplace Transform is a sum of complex
exponentials

For circuits the answers will be real
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I nvert ing Laplace Transforms in  Pract ice

We have a table of inverse LTs
Write F(s) as a partial fraction expansion

Now appeal to linearity to invert via the table
Surprise!
Nast iness:  com put ing the part ial fract ion expansion is best

done by calculat ing the residues
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Example 9-12

Find the inverse LT of
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Not  St r ict ly  Proper Laplace Transforms

Find the inverse LT of

Convert  to polynom ial plus st r ict ly proper rat ional funct ion

Use polynom ial division

I nvert  as norm al
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Mult ip le Poles

Look for partial fraction decomposition

Equate like powers of s to find coefficients

Solve
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I nt roductory s-Domain  Cct  Analy sis

First-order RC cct
KVL

instantaneous for each t
Subst itute elem ent  relat ions

Ordinary different ial equat ion in term s of capacitor voltage

Laplace t ransform

Solve

I nvert  LT
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An Alt ernat iv e s-Domain  Approach

Transform the cct element relations

Work in s-dom ain direct ly OK since L is linear

KVL in s-Dom ain
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Tim e-varying inputs
Suppose vS(t)=Vacos(&t), what happens?

KVL as before

Solve
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